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The compressive yield stress P,(¢) is an extremely useful parameter for the character-
ization of concentrated flocculated suspensions. It is a measure of the strength of inter-
particle bonds in a networked suspension structure and is used in process design and
control of mineral colloidal suspension dewatering. Previous work developed a method
for determining this compressive yield stress via the equilibrium sediment height tech-
nique using a centrifuge. Here justification for a simple approximate technique to obtain
P, (@) is discussed. A new more accurate iterative algorithm is also described. By gener-
ating synthetic data, where the exact P, (@) is known, the accuracy of the two techniques
can be evaluated properly for the first time. The relative merits and failings of the tech-
niques are discussed. An example is given to show how these techniques work on real

experimental data.

Introduction

The production of concentrated mineral or colloidal sus-
pensions is a vital stage in many industrial processes. Su-
perthickeners and deep cone thickeners have made a particu-
lar impact in environmental waste minimization in the
alumina industry. Compressional rheology plays an important
role in the design and control of solid-liquid separation
processes.

Traditional dewatering processes have three distinct re-
gions (Coe and Clevenger, 1916): a clear liquid region; a hin-
dered settling region in which the concentration is relatively
constant with height and particles interfere with each other
during their descent; and finally a compression region where
a concentration gradient exists in which each floc is in mutual
contact and compression of the structure occurs due to the
weight of the overlying sediment or from the application of
external pressure. Highly concentrated suspensions may be
produced from the compression region in thickening opera-
tions such as continuous gravity thickeners, centrifugal thick-
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eners, batch thickeners, and pressure filtration devices. Effi-
cient operation of these dewatering processes to produce a
highly concentrated and easily processed product requires a
good understanding of the compression rheology of the con-
centrated flocculated suspensions involved.

To characterize the compressional rheology of concen-
trated flocculated suspensions, the compressive yield stress
for the suspension needs to be determined. One such tech-
nique is to measure the solids concentration profile of a sus-
pension sample that has been centrifuged to equilibrium. This
can be done using a sophisticated X-ray or y-ray device such
as that used by Bergstrom et al. (1992a) or less elegantly by
taking cuts of the sample and measuring the solids concentra-
tion of each cut. The compressive yield stress curve can then
be determined via a simple integration. Another technique
involves measuring the final height of a filter cake after filtra-
tion at different constant pressures (Landman et al., 1995).
This method successfully predicted filtration rates and cake
density in a kaolin plant filter (Eberl et al., 1995). A third
common experimental technique accepted in engineering
practice simply involves measuring the equilibrium sediment
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height of the suspension after rotation in a centrifuge at dif-
ferent speeds (De Guingand, 1986; Green and Boger, 1992;
Green et al,, 1992). Consistency of the resulting compressive
yield stress between these various experimental techniques is
currently under investigation by Miller et al. (1995) and by
our group.

This article is devoted to the equilibrium sediment height
technique and the difficulties in determining the compressive
yield stress from the raw data. Several methods may be used,
including an approximation method which until now has been
used with little justification and a new (exact) iterative algo-
rithm. These two methods are described and compared in
detail, and difficulties associated with them are outlined.

In order to know how accurate these methods are for find-
ing the “true” P,(¢) for a flocculated suspension, we gener-
ated synthetic raw equilibrium height data from several cho-
sen Py(qb) forms. This data was used as input to our algo-
rithms to obtain a compressive yield stress function. These
determined functions were then compared to the true func-
tion. Only such an analysis gives a true picture of the accu-
racy of the various algorithms,

This article provides the necessary validation of a tech-
nique already being used in engineering practice and cur-
rently being introduced to the alumina and kaolin industries;
it also shows why the generally accepted approximation
method is comparatively accurate and how to implement a
more accurate iterative technique if that is required.

Suspension Structure

The exact nature of the compression region for flocculated
suspensions needs to be defined. Many studies (Dixon, 1978;
Kos, 1977; Michaels and Bolger, 1962; Tadros, 1985, 1986;
Buscall et al., 1987) have been made which attempt to micro-
scopically describe the compression region and the mecha-
nism acting therein to increase the solids concentration. In a
consolidating system of flocculated particles, a concentration
exists called the gel point ¢,, above which the suspension
enters the compression region. The particles in the compres-
sion region are subject to a wide range of interparticle forces
depending upon the nature and degree of the flocculation; a
networked structure is formed which has a dramatically al-
tered rheology. In this structure, particles experience com-
pressive forces due to the network pressure from the weight
of the overlying sediment. This compressive force is transmit-
ted downwards throughout the continuous linked structure.
Collapse of the structure is resisted by the strength of the
interparticle bonding and also by the upward drag force of
the expelled liquid through the structure. This drag explains
the slow collapse over a period of time of the structure (Di-
xon, 1978), as the applied stress does not act immediately
throughout the structure because it is partly balanced by the
liquid drag. After sufficient time, the suspension will eventu-
ally reach an equilibrium condition with all forces balanced
and no further consolidation occurring. [As usual (Bergstrom,
1992b; Landman et al., 1988), the inertial forces, bulk and
wall shear forces can be neglected in comparison to the forces
discussed here.]

With flocculated suspensions, a local particle pressure P,
is generated due to direct interactions between suspended
particles. Even though P, is conventionally termed pressure,
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P, is really the zz component of the stress tensor, where z is
the vertical coordinate. This characterizes the resistance of
the network to uniaxial compression.

Once the particle volume fraction exceeds the gel point
¢,, a continuous network is formed. Compressive forces can
be transmitted via the network throughout the structure which
can then support itself. In this case, P, should be thought of
as a network pressure. If P, is sufficiently small, the network
will resist compression. As the applied compressive force
(such as applied pressure via a piston or gravitational force
with a centrifuge) is increased, a point will be reached where
the network will no longer be able to resist elastically. In-
stead, the network will yield and irreversibly consolidate. This
is due to the breaking or rearranging of bonds between parti-
cles and/eor the formation of more contact points between
particles. This process can be modeled by introducing the
concept of the network possessing a compressive yield stress,
Py(rb), a function of the local volume fraction (Landman et
al,, 1988). P,(¢) can be expected to depend implicitly on the
properties of the network, such as the strength of interparti-
cle bonds and the shear and compression history of the sys-
tem. P,(¢) can be expected to be an increasing function of
¢, will be zero for ¢ < ¢,, and will be very large for ¢ — ¢, »
the close packing limit. Measurement of this function is es-
sential for the full characterization and comparison of sus-
pension systems.

The concentration profile of a sediment structure collaps-
ing under compressional forces varies with time. This is illus-
trated in Figure 1 which shows the variation of the solids
concentration with height in a fully structured batch suspen-
sion (i.e., has a uniform initial concentration ¢, > ¢,). Here
z is the vertical distance from the thickener base, and H(¢) is
the sediment height which decreases from the initial value
H, to the final equilibrium value H,,. The solids concentra-
tion ¢(z,¢) and the compressive stress P,(z,¢) vary with both
position and time.

At any time in a collapsing structure, a critical height z(t)
(m) exists where the compressive force is equal to the total
upward force made up of the network’s resistive force and
the liquid drag force. As illustrated in Figure 1, z,(¢) divides
the compression region into two subregions:

(1) Constant concentration plug at z > z (t), where ¢ = ¢,

(2) Collapsing region at z < z (1), where ¢ > ¢,.

Initially, the liquid drag is the dominant force due to the
large amount of upflowing liquid, so that at r=0, z(1)=0
(i.e., the sediment is a constant concentration plug). As the
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Figure 1. Variation of concentration with time for a sedi-
menting flocculated suspension in a cen-
trifuge tube.
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compression process continues, the contribution from the liq-
uid drag decreases and z.(¢) increases, usually passes through
a maximum, then approaches H,, at equilibrium but will
never actually reach it.

For the compression mechanism to be fully exploited, a
technique which enables the compression properties of a sus-
pension to be measured and characterized is necessary. A
mathematical framework has been developed by Buscall and
White (1987) in which the consolidation behavior of concen-
trated flocculated suspensions is characterized by a parame-
ter, the compressive yield stress P,(¢). This parameter is as-
sumed to be a function of the local concentration ¢. P,(¢) is
defined by the following constitutive equation which de-
scribes the kinetics of collapse (Buscall and White, 1987)

Dé |0, P,<PJ(¢)

Di | k(NP — PP, P,>PIe), W

where D/Dt is the material derivative and x(¢) is a rate
constant called the dynamic compressibility. Equation 1 says
that the network resists compression if P, < P(¢), but col-
lapses if P,> P,(¢).

It can be argued that P, will always be close to P(¢). If
the drainage of the fluid is the rate determining step in the
dynamics of collapse, then x(¢) is of the order O(¢/n), where
n is the fluid viscosity (Buscall and White, 1987). For this
case, estimating the order of the terms in Eq. 1 gives

P,=P(®)[1-0(aZ/m3)]. @

where g, is the particle size and h, is the container size.
Typically, O(a’/h3) ~ (10712 —10~*), and therefore Eq. 1 can
be replaced by

P(z,t)=P[$(z,1)], (3

in the compression zone. The compressive yield stress is thus
a direct measure of the particle pressure or of the strength of
the bonds between particles in a flocculated suspension un-
der pressure.

It is important to note that the use of this equation as-
sumes that compression is irreversible (since the pressure
completely characterizes the local volume fraction), which is
particularly important when viscoelastic systems are exam-
ined. This equation is also only strictly valid for fully floccu-
lated systems possessing a contiguous space-filling network
structure. Bergstrom (1992b) notes that for weakly floccu-
lated systems in particular, the top portion of the sediment
slowly increases in concentration, which is contrary to the
model.

Determination of P, ()

The compressive yield stress function P,(¢) can be ob-
tained from centrifuge experiments (Buscall and White, 1987).
Samples are placed in cylindrical, transparent, flat bottomed,
centrifuge tubes and the equilibrium sediment height H, is
measured for various increasing values of the gravitational
acceleration g at the bottom of the tube. Initially, the volume
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fraction concentration of the flocculated suspension is uni-
form throughout at ¢,. Also required for the calculations are
the initial height of the suspension H,, the density difference
between the solid and the fluid A p, and the centrifuge radius
from the center to the internal base of the tube R. These raw
data are the basis of the so-called “equilibrium sediment
height technique.”

Starting with these raw (g, H, ) data, equations governing
the suspension mechanics produce a parameterization in g
for ¢(0) and P(0); the volume fraction concentration and the
pressure or solid stress at the bottom of the tube (at z=10).
[For simplicity, P,(z,), which at equilibrium is independent
of t, is now replaced by the notation P(z).] Using these
equations, P(0) as a function of ¢(0) can be calculated by an
iterative or an approximate procedure that is described be-
low. The application of Eq. 3 thus means that this curve is
equivalent to the compressive yield stress curve P,(¢).

Beginning with a force balance on a volume element of
suspension and continuity equations on the solid and liquid
phases, the underlying differential equation relating the pres-
sure P(z) to g at equilibrium may be determined

dP

e 4

-snsfi=3).

This equation together with a mass conservation equation can
be manipulated in various ways, as detailed in the Appendix.
In so doing various functions are introduced, namely

H5q+ z
2R

Z(z)=fH°“(1— %)dz=(Heq~z)(l—

z

) o

and € and A, which are functions of g

_ 1 Hey dz ¢(z) H,\ dH,,
€~¢0H0R‘/;) (1—Z/R)2 {Z(Z)-F(l—_R—)g dg },
6)
1 dzP(z)
a=—f" SRS @)
R)y  Apge, H(1— z/R)
Then
doHo(1-€)
d(0) = - i, l i, HZ (8)
a8 ( *?)*“ﬁ
P(0)=Apgd,Hy(1—A), 9)

which explicitly show how the € and A functions act as cor-
rections to ¢(0) and P(0), respectively. Note that when A is
ignored, P(0) represents the case when the gravitational force
is constant throughout the sample (applicable to large-scale
thickener operations and to pressure filtration).

The € and A are integral functions of the concentration
and pressure profiles in the centrifuge tube, and also involve
H_, and its derivative. These concentration and pressure pro-
files are unknown in the consolidating region 0 < z < z; thus,
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these functions must be solved by numerical integration to-
gether with the main differential equation, Eq. 4.
In the constant concentration zone z, < z < H,,

¢=¢0

H,_+
P(z)=Apg¢0(Heq—z)(1—-—f—q———z), (10)

2R
using Eq. 4.
An alternate and more convenient method of solution is to
solve associated differential equations. Now think of € and A
as functions of z, where €(0)=0 and A(Q)= 0, such that

H._\ dH
_Teq eq
g ¢[Z(z)+(l < )g—————dg ] ”
dz ¢oHyR(1— z/R)* ’
da P
as (z) 12)

dz  App,HygR(1— z/R)*’

The € and A in Eqgs. 6 and 7 can now be thought of as the
above functions evaluated at e(H,,) and A(H,,). Using Egs.
10 in the constant concentration zone, these correction terms
become

)= ea)+ H., -z, Hy-z  dH,
€= =t R\ 2 fag )
(13)

(H,, ~z,)
A=A(H,) =A(z)+ 81 Teq (14)

2H,R(1-z,/R)’

so that Egs. 4, 11 and 12 need only be integrated from 0 < z
<z, in order to calculate e(z.) and A(z.). With € and A
found, these functions may now be used in Egs. 8 and 9 to
find ¢€0) and P(0) for each value of g.

Approximate Solution

An approximate solution can also be obtained using the
mean value theorem (Buscall and White, 1987). From Eq. 4
evaluated at z =10

) Heq
dP = ApgH, | 1- ,

TR (15)

1 (po
¢(§)~/0

where z = £ such that 0 < £ < z, but is otherwise unknown.
Hence,

Heq
P(0)=Angeq¢(§)(1———). (16)

2R

Applying the mean value theorem to a conservation of mass
equation gives
&(&')VHyg = $oHy, an

again for a value of ¢’ between 0 < ¢’ < z_.
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If we assume that ¢(£)= ¢(£'), then Eqs. 16 and 17 yield

He
P(O)=Ap¢0H0g(1— “),

7R (18)

From Eq. Al4 in the appendix this yields

11 1 H dH,
¢0 0 2R eq+g dg

AT
a8 (‘R)JrzR

(19

P(0) and ¢(0) may thus be directly calculated for each
(g, Heq) raw data point using the above two equations. De-
termination of the derivative dH.,/dg at each point is all that
is required.

The mean value “approximate” solution for P(¢(0)) is a
very good solution to the compression equations. This is
demonstrated graphically in Figure 2 for a particular g value
and for a particular synthetic function (discussed later). In
Figure 2a the scaled concentration profile generated by the
algorithm is shown. The equivalent “average” concentration
¢(¢’) for that particular H, is indicated. In Figure 2b this
value is used in the integral in Eq. 15, and this P(0)/$(0)
area is compared with the right side of the integral as calcu-
lated by the algorithm, which is the area under the curve. For
the synthetic data tested, the relative error between the two
calculations remained under 3% for a range of g values and
synthetic functions, which is excellent given the relative sim-
plicity of the solution. This verifies numerically that the ap-
proximate solution is sound.

Note that it does not appear possible to show theoretically
that this simple solution is an accurate approximation for all
functions P,(¢).

iterative Solution

The algorithm for the iterative solution is outlined in the
flow chart in Figure 3.

Several points can be made regarding this procedure. First,
to start the iterative solution, the initial guess for the P(0) vs.
¢(0) curve does not have to be the approximate solution. Al-
ternatively, upper or lower bounds for P(0) and ¢(0) could
be useful—it was found that the convergence rate was not
affected.

During the numerical solution of the set of differential
equations, a mass conservation check can also be performed
by simultaneously integrating the differential equation,

aM

Fa =¢, (20)

where M is the cumulative concentration of solids in the cen-
trifuge tube.

Convergence of the solution can be achieved by checking
that the difference between the sum of all As in successive
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Figure 2, Numerical validation of the mean value theo-
rem for the approximate solution.

(a) Sample concentration profile from an 8th-order power
law function for g = 35,550 ms ™2, showing the equivalent
“average” concentration ¢(£'); (b) comparison of the
P(0)/¢(0) areas as calculated by the algorithm and as by the
mean value theorem (scaled units).

iterations is smaller than a specified tolerance, or some other
appropriate convergence criterion.

A critical part of this algorithm is the accurate determina-
tion of the unknown z, at which point the solution of the
differential equations is halted. There are a number of tech-
niques by which z, can be estimated. The first involves the
examination of the pressure curve in the constant concentra-
tion region z, < z < H,, given by Eq. 10. This is a quadratic
function in z and is a more slowly decreasing function of z
than the P(z) curve obtained from the numerical integration
in the region 0 < z <z, Hence, z, can be determined by
finding the point of intersection between these two curves, as
is illustrated in Figure 4. In theory, at the point of intersec-
tion the two intersecting curves should possess the same slope
thus giving a smooth, continuous pressure distribution. In
practice, however, this is very difficult to achieve numerically
and a certain tolerance is allowed.

The second stopping criterion that may be used to deter-
mine z, is to look for the point where ¢ < ¢, since at this
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Enter R, ¢q, Hy, Ap.
Enter (g, H,,) data.

Curve fit (g, Heq) raw data.
Create a new smoothed data set.
Evaluate dH,/dg at each point.

!

Using the approximate solution,
make an initial guess for P (¢).

v

Smoothed data point number

[=0
For each g(I} set
e=0
=0
[ Starting at
! z2=0
I=1+1 P(z) = P(0)
#(z) = ¢(0) (from previous iteration)

Solve

dP de dA ( de
dz’dz’ dz dz.
from z = 0 to z =z, numerically

| using a Runge-Kutta technique on
! Equations (4), (11}, (12) and (20).

|
T |
|

For the interval z, <z <H,,,
sum the additional terms as
in Equations (13) and (14).

T
Calculate ¢(0) and P(0)
from Equations (8) and (9).

l
{

Check convergence of
solution, Py(¢$), with
previous iteration.

Iterate

hd

Output results

Py($)

Figure 3. Iterative algorithm for the computation of the
P,(¢) curve from equilibrium sediment height
data.

point, ¢(z.)= ¢,. For typical functions of P(z), ¢ drops off
steeply near z = z_, especially for high g values. This will be
demonstrated in later figures when concentration profiles for
synthetic data are examined. The error in the calculated value
of z, is thus not significant if this criterion is not exactly met.

Other less accurate stopping criteria may also be used, es-
pecially in early iterations when the initial guess may be some
way from the final solution. In order of decreasing accuracy,
these check when z > H, or P(z) <0.

The above algorithm differs from an earlier algorithm de-
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Figure 4. Stopping criteria used for the |terat|ve algo-
rithm (scaled units).

scribed by Buscall and White (1987). The previously reported
algorithm required two derivatives to be determined, namely
dZ/dg as well as dA/dg, which is essentially equivalent to
finding d*H, /dg* as well as dH,,/dg. This earlier algorithm
was used for some time (De Guingand, 1986; Green and
Boger, 1992), but has less rigor and is unstable compared with
the new technique described above. The new algorithm de-
scribed here involves only one curve fit of the raw data and
only one numerical differentiation, thus minimizing computa-
tional errors and enhancing stability.

Evaluation

To test the algorithm, two types of functions for P,(¢) were
used:

(1) A power law of the form P(¢)= Al(¢/¢,)" —1]

(2) An exponential of the form P(¢$)= Ale™® — e"%:]
where A4 and n are constants. The precise forms of the func-
tions used for various values of n are shown in Figure 5.
These curves represent a wide range in the compression be-
havior of suspensions, although the power law curve of order
8 is the most realistic, being based on experimental data. The
suspension characteristics used for all the curves were based
on experimental results. The values used were ¢, =0.194,
H,=88.5 mm, Ap=1210 kg/m’, and R =155.8 mm. From
these P,(¢) functions, synthetic (g, H.,) data sets were gen-
erated by solving the main differential Eq 4, using P = P,(¢)
in the compression region, and with appropriate boundary
conditions. An example of the form of the synthetic data gen-
erated from an 8th-order power law function is given in Fig-
ure 6. These synthetic data sets were then run through the
algorithm and the generated P,(¢) curves were compared
with the original exact solution in order to determine the al-
gorithm’s performance.

In order to model real experimental data, only a limited
number of these generated (g, H,,) points (7) were used.
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Figure 5. Synthetic compressive yield stress data used
for validation of the algorithm.

The number and spacing of the points that were chosen are
typical of those used in laboratory experiments. It is only
practical to obtain between 5 and 10 data points to build up a
curve over the usual g range measured. For each experi-
ment, the time to reach equilibrium for any particular speed
can range from several days to over a week at the lower

09 T T T

T r—r—r———
i
i From P = 100((¢/ g)8- 1)
.08 ® Typical raw data -

H,, (m)

04 L I L i 41
0 1000 2000 3000 4000 5000 6000
g (m/s2 )

Figure 6. Typical raw data generated from an 8th-order
power law function.
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speeds, depending on the suspension and the initial concen-
tration, and thus a complete run can take weeks, The spacing
of the points is roughly logarithmic with g since the change
in H, at lower g is greater. The points used for the 8th-order
power law function are shown in Figure 6.

One of the dominant factors determining the accuracy of
the solution was found to be the type of curve fitting used on
the raw H,, vs. g data. Curve fitting is necessary because, as
noted, typically only a small number of data points will be
known. The curve fit is critical since it is used to determine
the derivative df,/dg at each point, and the accuracy of this
is strongly dependent on the goodness of the curve fit. This
derivative is used in the equations for calculating € and ¢(0).
The curve fitting used therefore affects both the approximate
solution and the iterative solution to a similar degree by shift-
ing the curve either to the left or to the right and has no
effect on the caiculated P(0).

Several different curve fitting techniques were evaluated.
These included polynomial fits of the order 1 through 5 and a
generalized cross validation technique (Craven and Wahba,

100 1 I L D 1 I/
90 | Exact, P, =100 ((¢/9,)°- 1) g
80 |- — — Iterative solution / 9
70 | range of fits. N
= _
2 ]
-

- ]
-

.

20 .25 30 35 40 45
¢ (volume fraction)
(a
10 L] | LI L 3 L] b L LI

5k -
I /@Z A d
" S ] 2

E 5[ <4 € 1} .

Q! T T 8 M-

A 4 *

N o 0k~ —

-15 L -
220 1 I 1 4 -1 Lo i i I TN
20 25 30 35 40 45 20 25 30 35 40 45
¢ (volume fraction) ¢ (volume fraction)
(b) (c)

Figure 7. Comparison of the exact solution (8th-order
power law) with that generated using the iter-
ative solution.

(a) 2nd and 3rd order fits; (b) and (c) the % difference from
the exact curve of P, and ¢ respectively (also shown are the
mean differences and the 99% confidence intervals).
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Figure 8. Comparison of the exact solution (8th-order
power law) with that generated using the ap-
proximate solution.

(a) 2nd- and 3rd-order fits; (b) and (c) the % difference from
the exact curve of P, and ¢ respectively (also shown are the
mean differences and the 99% confidence intervais).

1979) that optimizes the fit between a spline and a polyno-
mial of any order. Both these techniques were tried using
normal and logarithmic coordinates. The results for several
of the better curve fits are compared against the exact solu-
tion in Figures 7 and 8. In general, the best solutions were
found to be for second- or third-order polynomials fitted on
logarithmic coordinates. The equations for these curve fits
are of the general form

In H,=a,+a,ing +a;(In gr+ang’l+... D

where ay, a,, as, ¢tc. are constants. The use of higher-order
fits or of substantial splining were found to make the P,(¢)
curve oscillate about the true solution and thus should not be
used, although they are useful in some circumstances when
other curve fitting fails. The fitted curve must be as smooth
as possible and must be a monotonically decreasing function
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with increasing g. In all cases, it is essential that the curve
fitting results are viewed visually in order to determine
whether or not they are satisfactory.

The accuracy of the iterative solution for all the data tested
was generally very good. Shown in Figure 7 are the percent-
age differences between the iterative solution and the exact
solution for the parameters ¢ and P, for second- and third-
order logarithmic curve fits of an 8th-order power law func-
tion. The solution tended to deviate from the exact solution
at both high and low g or ¢ in each case, but the average of
the different curve fits used was very close to the predicted
curve. The error at the low end is due to extrapolation. The
average error for ¢ was less than 0.5%, while the average
error for P, was about 5%, this being amplified by the error
in ¢ due the power law nature of the curve. The error for
the other curves tested was similar to that shown for this ex-
ample. For a fuller analysis of the raw data, several of the
best curve fits should thus be used and the results averaged
in order to determine the best P (¢) curve.

The approximate solution was then compared to that de-
termined by iteration. For all the types of curve fitting used,
the approximate solution always underestimated the concen-
tration &(0), thus shifting the curve away from the true solu-
tion to lower ¢. The largest shift always occurred for higher
values of g (large ¢), with the approximate curve lying closer
to the iterative curve at the lower ¢. In Figure 8, the corre-
sponding approximate solution for the same data used in Fig-
ure 7 is shown. Here the difference between the approximate
solution and the exact solution for various curve fits in terms
of ¢ was less than 1%, about twice the error associated with
the iterative solution. The error in P, as a result, ranged
from +5-10%. In general, the iterative solution is thus more
accurate than the approximate solution, as expected.

To simulate the effect of experimental error, random noise
was added to the H,, vs. g test data. Noise levels from 1 to
10% were applied to the H,, data. The g data was assumed
to contain no error. Typical values for the percentage error
of H,, for mineral suspensions studied at the University of
Melbourne are less than 2%. Shown in Figure 9 are the re-
sults for the iterative solution on data containing 2% noise
(data generated from the 8th-order power law). Even though
the variation from the exact values is now larger, again espe-
cially for high g values, the average of the iterative solution
for various different sets of “noisy” input data is close to the
exact value. In order to minimize this sort of random error,
several centrifuge tubes of the same sample should be run
together and the resulting P,(¢) curves averaged.

The error due to experimental error or noise should now
be compared with the error associated with using the itera-
tive and the approximate solution. This is crucial since it de-
termines whether or not it is actually worthwhile to use the
full iterative solution. Comparing Figures 7, 8, and 9, the
variation in the P,(¢) curves produced due to the noise is
greater than that associated with both methods of solution.
Therefore, if multiple runs cannot be made to minimize this
random noise, the approximate solution may as well be used.
The iterative solution, however, is still more accurate and, if
available, will always give a more reliable result. The approxi-
mate solution, though, is perfectly suited to establish general
trends in any particular system if absolutely correct values
are not essential.
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Figure 9. Examples of the effect of 2% noise on the iter-
ative solution compared to the exact solution
(8th-order power law).

In addition to errors in the measurement of H,, other
errors also affect the accuracy of the compressive yield stress
curve. Errors in the measurement of the initial concentration
¢ and the initial height H are directly translated to the
error in both ¢(0) and P(0). The error in the density differ-
ence Ap is also directly translated to the error in P(0). The
effect of the error in the centrifuge radius R is more compli-
cated and affects both ¢(0) and P(0) but should be relatively
small in most cases since this can be measured relatively ac-
curately. However, at low speeds, when the carriers holding
the centrifuge tubes are not horizontal, an angled sediment
interface is formed. This can be accounted for by taking an
average sediment height across the tube. Sometimes, it is not
possible to use flat bottomed tubes if high speeds and /or high
concentrations are required; instead, round bottomed tubes
are used for strength considerations. The consolidation in the
lower region of the tube is therefore nonlinear. An average
centrifuge radius must then be used to account for this curva-
ture which will have a larger associated error. All of these
errors mentioned here must be considered when the results
generated using the described iterative technique are evalu-
ated. These error sources will also affect the results gener-
ated from the approximate solution in exactly the same way.

The equilibrium concentration and pressure profiles in the
suspension ¢(z) and P(z) for each g point are calculated as
part of the iterative algorithm. These profiles may be com-
pared with those predicted by the exact solution, The theo-
retical profiles are generated in the production of the syn-
thetic H,, vs. g data. Figure 10 shows a selected set of these
concentration profiles for the 8th-order power law synthetic
data set overlaid on those produced by the algorithm. Agree-
ment is generally very good which further validates the re-
sults. It can be seen from this plot that the concentration
drops off steeply as z — z, at medium to high g.
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Figure 10. Comparison of the theoretical and the calcu-
lated concentration profiles (8th-order power
law) for a selected number of g values.

(1) 76 m/s?; (2) 520 m/s%; (3) 1,076 m/s?; (4) 2,187 mss%
(5) 3,298 m/s2; (6) 4,964 m/s?; (7) 5,520 m/s°.

The calculated critical height z_, the interface between the
constant concentration region and the collapsing region, may
also be compared with the theoretical z, at each g. In Figure
11, this is shown for the 8th-order power law results. Also
shown is the corresponding H,, curve. The difference be-
tween the theoretical and the calculated z_. curves is not
shown since agreement is again very good.
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Figure 11. Typical behavior of H,, and z_. with g

(8th-order power law).
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Figure 12. Example of experimental data: ZrO, aqueous

suspension at pH 6.9, close to maximum
flocculation.
Shown are the results from two samples each fitted by 2nd-
and 3rd-order fits with the resulting data fitted with a line
of best fit. The difference between the iterative and the
approximate solutions is demonstrated.

Application

An example of how the iterative and the approximate algo-
rithms may be used for real experimental data is shown in
Figure 12. A ZrO, suspension at pH 6.9, close to its maxi-
mum flocculation condition, has been tested in two separate
centrifuge tubes. The (g, H.,) data from both samples have
been analyzed using both 2nd- and 3rd-order logarithmic
curve fits. The full iterative scheme was implemented, and
the resulting P,(¢) data points have been fitted with a curve
of best fit. Similarly, the approximate scheme was imple-
mented, giving rise to a second curve of best fit. It can be
seen that the spread of the iterative and the approximate so-
lution points is considerable and in fact overlap. The fit of
the solution points indicate, as found for the synthetic data,
that the approximate solution is shifted towards the left. The
iterative solution should thus be a more accurate determina-
tion of the real compressive yield stress curve and should be
used if multiple data sets are available.

Conclusions

The compressive yield stress P (¢) is a good measure of
the network strength of flocculated suspensions. This param-
eter is used to characterize the compressional behavior of
any particular suspension system and can be used in the de-
sign and operation of thickening and fiitration process opera-
tions. An accepted engineering technique for the determina-
tion of the P,(¢) function is the equilibrium sediment height
technique in a centrifuge. Conversion of the raw data from
this experiment to generate the P,(¢) curve, however, is not
a trivial exercise.
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A new algorithm for the computation of the P(é) curve
has been determined. Results from a previously used algo-
rithm have proved to be unstable. The new algorithm uses an
iterative solution and is detailed here together with the ap-
proximate solution which uses the mean value theorem. From
a detailed evaluation of both of these solution techniques us-
ing synthetically generated data, a number of main conclu-
sions can be made.

e It can now be said with confidence that the equilibrium
sediment height technique is valid for the determination of
the compressive yield stress.

e In general, the iterative solution is more accurate than
the approximate solution which tends to underestimate ¢ (up
to approximately 2%).

* In most cases, satisfactory results can be obtained using
the approximate solution, especially if only one set of raw
data is available.

e Although the approximate solution has been used be-
fore, it is the first time that there has been justification for it
and that its shortfalls have been quantified.

e The success of both the iterative and the approximate
solutions rely heavily on the curve fitting method used on the
raw data. For a fuller analysis, a number of curve fits to the
(g, Heq) raw data should be utilized and the resulting P,(¢)
curves averaged.
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Appendix
Equation 4 can be rewritten as
H roy dP
A “pdz = —_— Al
pgj(; bdz j; 1-2z/R (AD
Using conservation of mass
H&
/ l]¢ dZ = ¢0H0, (AZ)
0
with Eq. Al gives
poy 4P
A Hy= —_— A3
pgPoH, j; 1-z/R (A3)

Differentiating this equation with respect to g, noting that
both z and P(0) are functions of g, and rearranging gives

dpr(0) py dP  dz
—— =ApboHy— = [(—————.  (AD)

dg PPt R/o (1- z/R)* dg

An alternate integration of Eq. 4 gives
dP
P(2)
——— = ApgZ(z), A5)
fo B(p) ~ArE (z (
where Z(z) is defined as

_ [Hy f_ 3 3 3 Heg+z

Z(z)—fz (1- R)dz—(Heq z)(l — =] 48

For fixed P(z), the lefthand side of Eq. AS is fixed so that
differentiating that equation with respect to g gives

az
0=Z(2)+g—, (AD
dg
and using the definition of Z(z), this produces
az H, \ dH, z\ dz
— === __eq._(l__)__’ A8
dg ( R ) dag R dg (A8
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for fixed P(z). This can be rewritten as

2+ (1 He,\ dH,
dz_ i +( "R )g dg (A9)
gdg—— 1-z/R '

Hence, from Eq. A4

dp(0) B dP

| 0]
ApdoHy - — [0 ———
dg PPoto ngo (1-z/R)’

Z(2)+|1 Heq) g (A10)
X z +( R )g dg y
which can be written as
dP(0)
—— =App Hy(1~-€), (A11)
dg
where € is a function of g and is given by
6= 1 fP(O) dP
ApdoHogR ) (1-z/R)’
Z()+{1 Heq ), 2eq (A12)
X +11- —
: ( R ) 4 )
or by using Eq. 4
1 dz ¢(z) H, \ dH,
€= j’Heq d’ 2(Z(Z)+(1- q)g q)’
PoHyR%  (1-z/R) R dg
(A13)

since P=P(0)at z=0and P=0at z=H,,
Now, differentiating Eq. AS with respect to g and rear-
ranging gives

dp(0)

dj
¢(0)=~——d[—ggz—@]—. (A14)
APT
Thus, substituting in Eq. All
b Hy(1-€)
$(0) = ~————‘jﬂg°z(0)f (A15)
dg
. _ G Ho(1— €)
oo d(0) = - i, ] A HE (A16)
«t 8 dg )( R )Jr~2F

In order to get an expression for P(0), Eq. 4 is written as

dP

1
d)(Z):K_p:gzZ’ (A1)

using the definition for Z(z) in Eq. A6. Integration using Eq.
A2 gives

Ho P o Mgl Al8
Z pgdoHy. (A18)

o dZ

Integrating this by parts and using the definition of Z(z) gives

P(0) = Apgd, Hy(1-A), (A19)
where A is a function of g given by
1 dzP(z)
A= (A20)

_chq _
R’y ApgdyHy(1- 2/R)
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